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It is shown that weight operator of a composite quantum body in a weak external gravitational 
field in the post-Newtonian approximation of the General Relativity does not commute with its 
energy operator, taken in the absence of the field. Nevertheless, the weak equivalence between the 
expectations values of weight and energy is shown to survive at a macroscopic level for stationary 
quantum states for the simplest composite quantum body - a hydrogen atom. Breakdown of the 
weak equivalence between weight and energy at a microscopic level for stationary quantum states can 
be experimentally detected by studying unusual electromagnetic radiation, emitted by the atoms, 
supported and moved in the Earth gravitational field with constant velocity, using spacecraft or 
satellite. For superpositions of stationary quantum states, a breakdown of the above mentioned 
equivalence at a macroscopic level leads to time dependent oscillations of the expectation values of 
weight, where the equivalence restores after averaging over time procedure. 
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Formulation of a successful quantum gravitation the- 
ory is considered to be one of the most important prob- 
lems in physics and the major step towards the so-called 
"Theory of Everything". On the other hand, fundamen- 
tals of the General Relativity (GR) and quantum me- 
chanics are so different that there is a possibility that 
it will not be possible to unite these two theories in a 
feasible future. In this difficult situation, it seems to be 
important to suggest a combination of the quantum me- 
chanics and some non-trivial approximation of the GR. 
In particular, this is important in case, where such theory 
can be experimentally tested. To the best of our knowl- 
edge, so far only quantum variant of trivial Newtonian 
approximation of the GR has been studied experimen- 
tally in the famous COW [H and ILL 0, H| experiments. 
As to such important and non-trivial quantum effects in 
the GR as the Hawking radiation [4j and the Unruh effect 
they are still very far from their direct and unequiv- 
ocal experimental confirmations. 

A notion of gravitational mass of a composite body is 
known to be non-trivial in the GR and related to the 
following paradoxes. If we consider a free photon with 
energy E and apply to it the so-called Tolman formula 
for gravitational mass 0], we will obtain m 9 = 2E/c 2 
(i.e., two times bigger value than the expected one) Q- 
If a photon is confined in a box with mirrors, then we 
have a composite body at rest. In this shown in 

Ref. [7]. we have to take into account a negative contri- 
bution to m 9 from stress in the box walls to restore the 
equation m 9 = E/c 2 . It is important that the later equa- 
tion is restored only after averaging over time. A role of 
the classical virial theorem in establishing of the equiva- 
lence between averaged over time gravitational mass and 
energy is discussed in detail in Refs. |§J, l2( for differ- 
ent types of classical composite bodies. In particular, 



for electrostatically bound two bodies, it is shown that 
gravitational field is coupled to a combination 3K + 2U, 
where K is kinetic energy, U is the Coulomb potential 
energy. Since the classical virial theorem states that the 
following time average is equal to zero, (2K + Uj = 0, 
then we conclude that averaged over time gravitational 
mass is proportional to the total amount of energy [8|, |9| , 

(m 9 )= (3K + 2U) f /c 2 = (K+ U)Jc 2 = E/c 2 . (1) 

The main goal of our Letter is to study a quantum 
problem about weight of a composite body. As the sim- 
plest example, we consider a hydrogen atom in the Earth 
gravitational field, where we take into account only ki- 
netic and Coulomb potential energies of an electron in 
a curved spacetime. We claim three main results in the 
Letter. The first our result is that the weak equivalence 
between weight in a weak gravitational field and energy 
in the absence of the field may survive at a macroscopic 
level in a quantum case [l0(. More strictly speaking, we 
show that the expectation value of the weight is equal to 
E/c 2 for stationary quantum states due to the quantum 
virial theorem. The second our result is a breakdown 
of the weak equivalence between weight in a weak grav- 
itational field and energy at a microscopic level for sta- 
tionary quantum states due to the fact that the weight 
operator does not commute with energy operator, taken 
in the absence of gravitational field. As a result, there 
exist a non-zero probability that a measurement of the 
weight gives value, which is different from E/c 2 . We 
suggest to detect this weak inequivalence of weight in a 
weak gravitational field and energy by measurements of 
electromagnetic radiation, emitted by a macroscopic en- 
semble of hydrogen atoms, supported and moved in the 
Earth gravitational field, by using spacecraft or satellite 
111 ]. The third our result is a breakdown of the weak 
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equivalence between the expectation values of the weight 
and energy at a macroscopic level for a superposition 
of stationary quantum states. As we show below, time 
dependent oscillations of the expectation values of the 
weight are expected to exist in this case, and, the equiv- 
alence is restored after averaging of these oscillations over 
time. 

Below, we derive the Lagrangian and Hamiltonian of 
a hydrogen atom in the Earth gravitational held, taking 
into account couplings of kinetic and potential Coulomb 
energies of an electron with a weak gravitational field. 
Note that we keep only terms of the order of 1/c 2 and 
disregard magnetic force, radiation of both electromag- 
netic and gravitational waves as well as all tidal and spin 
dependent effects. Let us write the interval in the Earth 
gravitational field, using the so-called weak field approx- 
13: 



over time electron weight in a weak gravitational field, 
< mf cf> >t, can be expressed as 



imation 
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ds 2 = - 1 + 2^ (cdt) 2 + 1-2^ (dx 2 + dy 2 + dz 2 ), 



c 

GM 



R ' 

where G is the gravitational constant, c is the velocity of 
light, M is the Earth mass, R is a distance from a center 
of the Earth. 

Then in the local proper spacetime coordinates, 

x' = ( 1- 4 V y' = ( 1- 4)2/, 



(3) 



the classical Lagrangian and action of an electron in a 
hydrogen atom have the following standard forms: 

U = _ TOeC 2 + I me ( v ') 2 + e - , S' = J L'dt', (4) 

where m e is the bare electron mass, e and v' are the elec- 
tron charge and velocity, respectively; r' is a distance be- 
tween electron and proton. It is possible to show that the 
Lagrangian (4) can be rewritten in coordinates (x, y, z, t) 
as 



I e 2 / v 2 e 2- 

L = —m e c 2 + — m e v 2 H rn e (f> — I 3m e 2 — . , . 

r V 2 r I c A 



(5) 

Let us calculate the Hamiltonian, corresponding to 
the Lagrangian (5), by means of a standard procedure, 
H(p, r) = pv — i(v, r), where p = dL(v,r)/dv. As a 
result, we obtain: 



2 +m e 0+ (3^-2-^ (6) 



H = m e c 2 + — + m„(t) + ( 3^ 2 



2m e r 



2m e tic 



where canonical momentum in a gravitational field is p — 
m e v(l — 3(j)/c 2 ). ^From the Hamiltonian (6), averaged 



< m% 4> >t — m e 4> + 
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2m e 



p 2 e 2 



2m e r I t c 2 



E 



H 



(2) 



2m e 



+ rh 9 e 4> , 



rh 9 e <j) = m e (f> + 



2m P r I c 2 \ 2m„ 



E I v 2 
< m 9 e (j) >= m e (/)+-^cj)+( 2^— 



Ei 

r3. 



(7) 



where E = p 2 /2m e — e 2 /r is an electron energy. Note 
that averaged over time third term in Eq.(7) is equal to 
zero due to the classical virial theorem. Thus, we con- 
clude that in classical physics averaged over time wieght 
of a composite body is equivalent to its energy, taken in 
the absence of gravitational field 0, Q . 

The Hamiltonian (6) can be quantized by substituting 
a momentum operator, p = —ihd/dr, instead of canoni- 
cal momentum, p. It is convenient to write the quantized 
Hamiltonian in the following form: 



(8) 



where we omit term m e c 2 and introduce weight operator 
of an electron in a weak gravitational field, 



- 3 - W 



Note that, in Eq.(9), the first term corresponds to the 
bare electron mass, m e , the second term corresponds to 
the expected electron energy contribution to the weight 
operator, whereas the third non-trivial term is the virial 
contribution to the weight operator. It is important that 
the operator (9) does not commute with electron energy 
operator, taken in the absence of gravitational field. It 
is possible to show [14] that Eqs.(8),(9) can be obtained 
directly from the Dirac equation in a curved spacetime, 
corresponding to a weak gravitational field (2). 

Below, we discuss some consequences of Eqs.(8),(9). 
Suppose that we have a macroscopic ensemble of hydro- 
gen atoms with each of them being in a ground state 
with energy E\. Then, from Eq.(9), it follows that the 
expectation value of weight operator per atom is 



(10) 

where the third term in Eq.(10) is zero in accordance 
with the quantum virial theorem (l5| . Therefore, we con- 
clude that the weak equivalence between weight in a weak 
gravitational field and energy in the absence of the field 
survives at a macroscopic level for stationary quantum 
states. 

Let us discuss how Eqs.(8),(9) break the weak equiv- 
alence between weight in a weak gravitational field and 
energy at a microscopic level. First of all, we pay atten- 
tion that the weight operator (9) does not commute with 
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electron energy operator, taken in the absence of gravi- 
tational field. This means that, if we create a quantum 
state of a hydrogen atom with definite energy, it will not 
be characterized by definite weight. In other words, a 
measurement of the weight in such quantum state may 
give different values, which, as shown, are quantized. 
Here, we illustrate the above mentioned inequivalence, 
using the following thought experiment. Suppose that at 
t = we create a ground state wave function of a hydro- 
gen atom, corresponding to the absence of gravitational 
field, 



gravitational field in a quantum state with a definite en- 
ergy (11) gives the following quantized values: 



*i(r,i) = ^i(r)exp(-iEit/K) 



(11) 



In a weak gravitational field (2), wave function (11) is not 
anymore a ground state of the Hamiltonian (8), (9) from 
point of view of an inertial observer, located at infinity. 
For such observer, in accordance with Eq.(3), a general 
solution of the Schrodinger equation, corresponding to 
the Hamiltonian (8), (9), can be written as 

oo 

¥(r,t) = ^a„*„[(l-0/c 2 )r]ex P H J B„(l + 0/c 2 )t/n] . 



n=l 



[Here factor 1 



(12) 

/c 2 is due to a curvature of space, 
whereas the term E n (l + 4>/c 2 ) reflects the famous red 
shift in gravitational field and is due to a curvature of 
time. 5' n (r) is a normalized wave function of an electron 
in a hydrogen atom in the absence of gravitational field, 
corresponding to energy E n [16].] 

In accordance with the quantum mechanics, probabil- 
ity that at t > an electron occupies excited state with 
energy E n (l + <p/c 2 ) is 

P n = |a„| 2 , a n = J *;(r)*„[(l - (b/c 2 )r]d 3 r 

= -(0/c 2 ) / v^(r)r<(r)d 3 r, n ? 1. (13) 



Taking into account that the Hamiltonian is the Hermi- 
tian operator, it is possible to show that 

( ^\{r)r^' n {r)d 3 v = ftw n ,i = E n — E\, (14) 



where 



V n ,i = / n(r)V{r)V n {r)d 3 r, V(r) = 2 



p 2 e 2 



2m e r 

(15) 

Let us discuss Eqs.(12)-(15). Note that they directly 
demonstrate that there is a finite probability, 

p » = W 2 = (l) 2 (l^) 2 .»^. < M » 

that at t > an electron occupies n-th energy level. In 
fact, this means that measurement of weight in a weak 



m 9 e (n)(t) = m e 4> + (E n /c 2 )4> , 



(17) 



corresponding to the probabilities (16) [17]. [Note that 
V"(r) in Eq.(15) is the virial operator. It is a part of the 
weight operator (9), which does not commute with energy 
operator, taken in the absence of gravitational field. Due 
to the fact that V(r) presents in Eqs.(9),(15), the prob- 
abilities (16) for the quantization law (17) are not equal 
to zero.] We point out that, although the probabilities 
(16) are quadratic with respect to gravitational poten- 
tial and, thus, small, the changes of the weight (17) are 
large and of the order of a 2 m e , where a is the fine struc- 
ture constant. We also pay attention that small values of 
probabilities (16), P n ~ 1CP 18 , do not contradict to the 
existing Eotvos type measurements [12], which have con- 
firmed the weak equivalence principle with the accuracy 
of the order of 10 -12 — 10~ 13 . For us, it is very important 
that the excited levels of a hydrogen atom spontaneously 
decay with time, therefore, one can detect quantization 
law (17) by measuring electromagnetic radiation, emit- 
ted by a macroscopic ensemble of hydrogen atoms. The 
above mentioned optical method is much more sensitive 
than the Eotvos type measurements and we, therefore, 
hope that it will allow to detect the breakdown of the 
equivalence between energy content and weight in a weak 
gravitational field, suggested in the Letter. [For more de- 
tails, see the description of a realistic experiment below.] 
Here, we describe a realistic experiment [llj. We con- 
sider a hydrogen atom to be in its ground state at t = 
and located at distance R' from a center of the Earth. 
The corresponding wave function can be written as 

*i(r, t) = - 0'/c 2 )r] exp[-vEi(l + 4>'/c 2 )t/h] , 

(18) 

where <f>' = <j>(R r ). The atom is supported in the Earth 
gravitational field and moved from the Earth with con- 
stants velocity, v -C ac, by spacecraft or satellite. As 
follows from Rcf.[8], the extra contributions to the La- 
grangian (5) are small in this case in an inertial system, 
related to a hydrogen atom. Therefore, electron wave 
function and time dependent perturbation for the Hamil- 
tonian (8), (9) in this inertial coordinate system can be 
expressed as [18] 

oo 

$(r,t) = Y,a n (t)'S> n [{l-q>'/c 2 )r}exp[-iE n {l+q>'/c 2 )t/h}, 

71=1 

(19) 

- , 6(R' + vt)-6(R')f p 2 e 2 \ , x 

Application of the time-dependent quantum mechanical 
perturbation theory gives the following solutions for func- 
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tions a n (t) in Eq.(19): 

4>(R>) - 4>(R' + Vt) V n ,l 

a n (t) = 5 - exp(icj„.i) , n ^ 1 , 

c 2 fiw nj i 

(21) 

where i and uj n i are given by Eqs.(14),(15); w„ i 3> 
v/R'. 

It is important that, if excited levels of a hydrogen 
atom were strictly stationary, then a probability to find 
the weight to be quantized with n ^ 1 (17) would be 

P, ll)B (^)' a^g£ ,„,, (22) 

In reality, the excited levels spontaneously decay with 
time and, therefore, it is possible to observe the quanti- 
zation law (17) indirectly by measuring electromagnetic 
radiation from a macroscopic ensemble of the atoms. In 
this case, Eq.(22) gives a probability that a hydrogen 
atom emits a photon with frequency oj ni i = (E n — E{)/h 
during the time interval t [19]. 

Let us estimate the probability (22). If the experiment 
is done by using spacecraft or satellite, then we may have 
\(j)(R' + vt)\ < \<j>(R')\. In this case Eq.(22) is reduced to 
Eq.(16) and can be rewritten as 



Pn 



E n — E\ 



2 A2 



~ 0.49 x 10~ 18 



E n — E\ 



(23) 

where, in Eq.(23), we use the following numerical val- 
ues of the Earth mass, M ~ 6 x 10 24 fcg, and its radius, 
i?o — 6.36 x 10 6 m. Note that although the probabili- 
ties (23) are small, the number of photons, N, emitted 
by macroscopic ensemble of the atoms can be large since 
the factor V 2 x j (E n — Ei) 2 is of the order of unity. For in- 
stance, for 1000 moles of hydrogen atoms, TV is estimated 
as 



V n .l 



N(n -> 1) = 2.95 x 10 s 

\ E n — El 

N(2 -> 1) = 0.9 x 10 8 , (24) 

which can be hopefully experimentally detected. [Here 
N(n — »■ 1) stands for a number of photons, emitted with 
energy hu nA = E n - E\.\ 

To summarize, we have demonstrated that weight of a 
composite quantum body in a weak external gravitational 
field is not equivalent to its energy in the weak sense due 
to quantum fluctuations and discussed a possible indirect 
experimental method to detect this difference. We have 
also shown that the corresponding expectation values are 
equivalent to each other for stationary quantum states. 
In this context, we need to make the following comment. 
First of all, we stress that, for superpositions of station- 
ary states, the expectation values of the weight can be 
oscillatory functions of time even in case, where the ex- 
pectation value of energy is constant. For instance, as 



follows from Eq.(9), for electron wave function, 

*i, 2 (r,t) = -^=[3>i(r)exp(~iEit) + f 2 (r)cxp(-iE 2 t)], 
V2 

(25) 

which is characterized by the time independent expecta- 
tion value of energy, < E >= {E\ + E 2 )/2, the expecta- 
tion value of electron weight is the following oscillatory 
function [20]: 



< m 9 4> >= m e 6 + 



Ei + E 2 
2c 2 ' 



+ 



Vi, 2 



>cos 



(Ei - E 2 )t 



(26) 

Note that the oscillations of the weight (26) directly 
demonstrate inequivalence of the weight and energy at 
a macroscopic level. It is important that these oscilla- 
tions are strong (of the order of a 2 m e ) and of a pure 
quantum origin without classical analogs. We hope that 
the above mentioned oscillations of the weight are exper- 
imentally measured, despite the fact that the quantum 
state (25) decays with time. 

If we average the oscillations (26) over time, we obtain 
the modified weak equivalence principle between the av- 
eraged over time expectation value of the weight and the 
expectation value of energy in the following form: 



<< mf <j> »t= 



(Ei + E 2 ) 



2c 2 



(27) 



We pay attention that physical meaning of averaging pro- 
cedure in Eq.(27) is completely different from that in 
classical time averaging procedure (1) and does not have 
the corresponding classical analog. 

In conclusion, we stress that we have considered in 
the Letter a point-like [21] composite quantum test body 
and all our results are due to different couplings of ki- 
netic and potential energies with an external gravita- 
tional field. This physical mechanism is completely dif- 
ferent from those, considered before [22-26], where a pos- 
sibility of a breakdown of the weak equivalence princi- 
ple was discussed due to three mass dependent phenom- 
ena: penetration of the de Broglie waves in classically 
restricted areas, bound states of particles in an external 
gravitational field, and the interference of the de Broglie 
waves. In addition, we point out that there exists an al- 
ternative point of view (see, for example, Refs. [23,27]), 
stating that there cannot be violations due to quantum 
effects of some generalized weak equivalence principle in 
any metric theory of gravitation, including the GR. 

We are thankful to N.N. Bagmet for useful discus- 
sions. This work was supported by the NSF under Grants 
DMR-0705986 and DMR-1104512. 
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